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The solution is obtained of the quasis tat ic  problem of thermoviseoelas t ic i ty  for  an un- 
bounded plate heated by a concentrated heat source  and the solution of the dynamic problem 
of thermoviscoe las t ic i ty  for  a semibounded plate heated along the boundary. 

The Quasistatic P rob lem of Thermoviscoelas t ic i ty  for  an Unbounded plate with Heat Transfe r .  We 
consider  a thin unbounded isotropie  v iscoelas t ic  plate and we assume that heat t r ans fe r  takes place through 
its la teral  sur faces  z = +5 with the ex te r io r  medium of zero  t empera tu re  according to Newton's law. The 
plate is heated by an instantaneous heat source  concentrated at the point x = 0, y = 0, z = +5 and having a 
constant capaci ty q, i .e. ,  W(x, y, z, ~-) = qS(x, y, z - 5 ,  7). 

We assume that along the thickness of the plate the  t empera tu re  var ies  l inear ly .  In this case for  the 
determinat ion of the nonstat ionary t empera tu re  field in the plate we have the sys tem of differential equations 
[1] 

AT- -  ~V = A 0V _ Q 6 (r, ~), 
a 0T r 

(1) 
AT* ~ ~*~T* -- 1 0T* Q, 8S___) , ( r '  

a ~ r 

where 
8 5 

1 ~ t(r, z, ~)dz; T * - -  3 jlszt(r, z, x)dz; 
T = 28 25 ~ 

A =  Or ~ +--r --'Or = ~8 x*~= X8 a +  

Q := 4 . ~ 6 ;  Q* = 3Q. 

Since the equations (1)have the same form as inthe case of the heating of the plate by a l inear source  of 
heat,  the fundamental solution of the heat conduction problem can be wri t ten in the known form [2] 

_ ( Q exp - ~ a ~ - -  - , T = 2~ 4m: 

T * = Q *  ( r~ ) 
2--~ exp - -  z*"a~-- 4a~ 

i.e., 

(2) 

If the capacity of the source changes at the initial t ime with some quantity, which will remain  constant, 
W = qS(x, y, z-5)S+(~-), then the solution of the heat conduction problem will have the form: 

T Q Ko(p,r T* Q* . . . .  K0 (p*, ~*), (3) 
2 2 

where 
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Fig.  1. The graphs  of K0(P, co) and KI(p, w) as  functions of co for  
fixed values  of p. 

Fig.  2. The graphs  of t~(p,  co) and Ki(p, co) as  functions of p fo r  
fixed values of co. 
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r = l / x  ~ + f  ; p*=~*r ;  < o * = 2 a •  
/-  

Recurs ion  re la t ions  fo r  the functions Km(P, co) a re  given in [2]. In o r d e r  to find the numer ica l  values  
of such a function of a r b i t r a r y  o rde r ,  it is sufficient to tabulate  the functions Of zero  and f i r s t  o rde r .  In 
F igs .  i and 2 the graphs  of K0(P, co) and Kl(p, co) a r e  given as  functions of co and p. The numer ica l  values  
of the function K0(p, co) have been obtained on the bas i s  of the known [3] vatues  of Rykal in ' s  function p(p, co). 
Fo r  the evaluat ion of the function K~(P, co) we have used the Ura l -1  e lec t ron ic  compute r .  

It  should be ment ioned that  such functions a re  encountered  in p rob l ems  of heat conduction [4, 5], 
t h e rmoe l a s t l c l t y  [2, 6, 7], and the rmop la s t i e t t y  [8]. In the p re sen t  paper ,  the given graphs  of these  fune-  
l ions a r e  used for  the numer ica l  evaluat ion of the t he rma l  s t r e s s e s  in a v i scoe las t i c  plate.  

In o r d e r  to de te rmine  these  s t r e s s e s  we make  use  of the co r re spondence  pr inc ip le  [9], i .e . ,  

2 0 
e~ = i1 f(-~--T0) ~ uf(r, -co) d~ o, (4) 

o 

where the function F for  the Kelvin, Maxwell,  and B t o t m a t e r i a l s ,  r e spec t ive ly ,  has the form:  

The t h e r m a l  s t r e s s e s  err, 
l inear  heat  source  [2] 

F = 1 -l- ~ exp (--  • F = exp (--  • F = exp (--  • 

2 (1 § v~) 3 E M 
- - ,  • = , • , (5)  
I - -  2x'~ (1 - -  2vH) if* 3G~@ 

cr~ in the e las t ic  pla te ,  induced by T (2), coincide with those caused by a 

a [ ( r )  1 (~e = citE Q ~ T  exp 4a-c - -  i exp (--  • 
(6) 

The t h e r m a I  s t r e s s e s  of the bending, induced in the f r ee ly  suppor ted  e las t i c  plate by T* (2), can be 
de te rmined  f r o m  the known [9] fo rmu la s  
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Fig. 3. The variat ion of the radial  eE and annular  r r  
t he rma l  s t r e s s  ~Er at the point R = 1, z = 0 of the 
infinite e las t ic  ptat'e as a function of the Blot and 
Four i e r  numbers .  

v 
Fig. 4. The variat ion of the radial ~rr  and annular 
the rmal  s t ress  ~ at the point R = 1, z = 0 of the 
infinite v iscoelas t ic  plate with the Four ie r  number for  
Bi = 1 and cer ta in  values of T. 

a:e = 26 __Zr --'0w& %*e = 26z - 0~w0r ~ , (7) 

where the deflection w sat isf ies  the equat ion 

T* (8) Aw=--a~(1 +v)  - ~ ,  
5 

whose par t icular  solution has the fo rm 

8 \ 4a~ l L ] 

Substituting (9) into the formulas  (7), we can see that the thermal  s t r e s se s  of the bending coincide in 
form with (6), where instead of Q and ~2oone has to put (z/6)Q* and ~.2.  

Substituting (6) into (4), we obtain the thermal  s t r e s se s  in a viscoelast ic  plate made of Kelvin and Max- 
well mater ia ls :  

a ~ = ( l + ~ ) ~ f - - ~ •  exp(--• ) exp (xl-• -exp - -  
4a% J n~-- • ) '  

o,  (10) 

[ <] ~ - - ( l + ~ ) ( ~ # + a ~ ) - - ( y ~ + N  -~  uie .xp(--•  (•215 - p" d~_q; 
a q )  - -  r , TO 

0 

T 

s Na { exp (-- • S exp [ 4aTe j u2--n~a }' % = a - -  xz - 7  [ (n2 --u2a) %-- r~ t d% -- exp (--• --  exp (-- n~x) 

o (II) 
= o  r -T-a~--a~@N ~ e x p ( - - •  ~) exp (• r 2 d% 

am 2 ,% 
0 . -  

F o r  Blot viscoelast ic  mater ia l s  one has to replace n2 by ~0 in the formulas  (11). 

If ~ 2  C,r ) > 0, t he the rmal  s t r e s s e s  (t0) and (11) can be expressed in t e rms  of the functions Ko(Pi, 
~oi), gl(pi, ~t): 
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where 

cv==( 1 + ~)%~--~• e x p ( - - •  Kt(Oa, c0i)-t-[exp ( - -  P2-- < ) - - 1 ]  pi-'}, 

r~ 2 

~ : ~ N r  • exp ( - -z i0  { ~ KI(9~, % ) +  [exp ( - -  -~%. ) - -  1] p21 } , 

N 
o; = r~$ + %e _ o~ + • ~ -  exp (-- xz" 0 K0 (9~, %), 

(12) 

_ /  _ /  
p~ = r  ! / •  " l /  - - a - '  o h = 2  V • , i = 1 ,  2. j /  a g 

The thermal  s t r e s ses  induced in the elast ic  plate by T (3), are  obtained by integrating (6) with respect  
to t ime f rom 0 to 7: 

e = N [ - l + exp ( -  Mi) R ] 
% -~TNR~ V-N + -2 g~(o '  ~o) , (13) 

e __ __ s N Ko (p, r 
O~p - -  (Yr T 

where 

r - -  Mi=BiFo. iV = a~EQ; R = -~- Bi = z'~52, Fo~ az 

For  Bi = 0, these formulas coincide with those given in [8]. 

With the formulas  (13), making use of the numerical  values of the functions K0(0, co), KI(0, co) (Fig. 1, 
2), calculations have been oarr ied out for the thermal  s t r e s ses  at the point R = 1 for z = 0 in the e las t ic  
plate as functions of the Four ie r  and Biot numbers,  whioh are  represented in the form of graphs in Fig. 3. 
In this figure o~r r = ar~/N, o-E~ = ot}~/N For  the infinitely large value of the Four ie r  number,  these resul t s  
coinoide with those obtained previously in [7]. As it ts c lear  from. the graphs,  the heat t r ans fe r  be tweenla te r -  
al surfaces  of the plate and the medium has an essent ia l  impact on the distribution of the thermal  s t r e s ses .  

The thermal  s t r e s ses  in a viscoelast ic  plate, induced by the tempera ture  field (3), can be writ ten for 
a Maxwell mater ia l  in the form: 

N {[ I l e ~ = exp(--yFo) exp ~ t  P2:+ K~(92, %) 
92 2 -2  I '  (14) 

N exp(--yFo) K0(pz, (~ • • > 0 .  

In the case when the surface of the plate is insulated (e = 0), formulas  (14) coincide with the formulas  
[9] for the thermal  s t r e s ses  in the space, induced by a l inear  heat source.  

In Fig. 4 we have represented the variat ion of the radial  ~v and annular thermal  ~tress c~ v at the 
rr ~ ~ ~0cp 

point R = I, z = 0 of the viscoelastic plate for Bi = I as a function of the viscosit~ coefficient of the material 

~/ = EM52/3Ta. 

The Dynamic Problem of Thermoviscoelas t ic i ty  for a Semibounded Plate with Heat Transfer .  We con- 
s ider  now an isotropic semibounded plate and we assume that heat t r ans fe r  takes place through the la teral  
surfaces z = =~5 with the exter ior  medium. The tempera ture  of the boundary x = 0 of the plate var ies  at the 
initial t ime with some quantity t o which remains  constant in the sequel. The nonstationary tempera ture  
field and the induced quasistat ic  thermal  s t r e s se s  for  the semibounded e las t ic  plate, whose boundary has a 
l inear variat ion of temperature  as function of t ime,  are  given in [10]. Consequently, the tempera ture  field 
in our case  has the form 

T = ~ -  [exp(--x• (-~ x 
2 ) aT 

r -~i)+exp(x• ( f , ) ]  2~-a~} v F ~-~[ j -  (15) 

Applying the Laplace t ransform,  we obtain 
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= to  exp - - x  ~ - t -  . 
S 

As in the e a s e  of  the  v i s c o e l a s t i c  s e m i s p a e e  [9], we find the i m a g e  of the r e t a r d i n g  t h e r m o e l a s t i e  
po ten t ia l  of the d i s p l a c e m e n t s  f o r  the v i s c o e l a s t i c  s emlbounded  pla te  in the f o r m  

w h e r e  

whe re  

~_~(i+~); ~=_ p ( l + ~ )  2(~ ~-) 

For a Blot viscoelastic material we have the following image of the thermal stress fly: 

~ -,.o. 
[.,_l_J_ I _ -' ~ 

(16) 

~ (+ ) ~ -- 2 (L o + la, o) m~ =- % (3s + 2Ix~ --P- " a~ = a~ I ~,o 

In  (16) we go b a c k  f r o m  the  i m a g e  to  the  p r e i m a g e  [4]. As  a r e s u l t  we ob ta in  the fol lowing e x p r e s s i o n  
of the  t h e r m a l  s t r e s s :  

t~176 {P2[/(~, 0; P2)--g(~,  0; Pz)]-- 'Pl[f(~,  0; P l ) - -g (~ ,  O; Pl)]} , (17) 

w h e r e  

f (~' 0; Pi' = exp (Pi0){ exp (-~-~ ] /B-- - -~i )ef fc  [ ~ 2 2V--o  ] / c ~ ] q ' e x p ( ~ I / B + - f i ~ ) e r f c [  2 ~ + V ' ( B + p ' , - O ] } ;  

1/  " Pl,z = ~ +- 4 " ' ' 

o = - a ~ o ~  ; ~ = ~oa~o~; 

0 

B=n2a2c~. 

We find the  t h e r m a l  s t r e s s  o'vv in  the  f o r m :  

o v~ = - -  2mo~otof (~, O; - -  e )+  ~x" 

On the  bounda ry  x = 0 of the  p la te  the t h e r m a l  s t r e s s e s  a r e :  

a~ = 0, ~ = - -  2I.tomot o exp ( - -  Oe). 

We see  tha t  the  t h e r m a l  s t r e s s e s  at  the  bounda ry  of the  v i s c o e l a s t i c  s emibounded  p la te  with hea t  
t r a n s f e r  do not d i f f e r  f r o m  those  c o r r e s p o n d i n g  to  an  insu la ted  pla te  [9]. 
to  z e r o .  

(18) 

(19) 

v t ends  F o r  0 ~ ~ the  s t r e s s  Uy 
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For  ~0 -~ 0 f r o m  (17), (18) we obtain the solution of the dynamic p rob lem of t he rmoe la s t i c i t y  for  a 
semibounded plate with heat t r a n s f e r  [11]. 

t(x, y, z, ~) 
T 
r* = 25/;t 
c~, X, a 
r 
26 
W 
5(x) 
S+(x) 

*E <r E , a i and~  v,(r~ v 

P 

G 
E 
Ei(-  r2 /4av) 

=  /GM 

* = 7//G K 
VK, G K 
EM, GM 

c~ t 
• 1 

Bi = as/~ 
FO = a'c/62 
M i  = BiFo 
I,(x) 
erfc(x) = l--erf(x) 

err(x) 
:o 

: j' ~exp (- s~')dT 
0 

7 = r  
P 

NOTATION 

is the temperature of the plate; 
is the time; 
is the internal thermal resistance of the plate; 
are the heat transfer coefficient, thermal conductivity and thermal diffusivity; 
is the polar radius; 
is the thickness of the plate; 
is the density- of the heat source; 
is the Dirac delta function; 
is the Heaviside function; 

are the components of the thermal stresses in the elastic and viscoelastic 
)lares induced by T and T*, respectively; 
ts the Poisson ratio; 
ts the shear modulus; 
ts the Young modulus; 
is the exponential integral function; 
~s the relaxation time; 
s the delay time; 

are the Poisson ratio and the shear modulus for Kelvin material; 
are the Young modulus and the shear modulus for Maxwell material; 
is the temperature coefficient of linear expansion; 

is the relaxation time of the relaxation functions X(v) = ~ exp (-~0T) and #(~) 

= #0 exp (-~%r); 
i s  the Blot number;  
is the F o u r i e r  number;  
is the Mikheev number;  
is  the f i r s t  o r d e r  modif ied Bes se l  function of the f i r s t  kind; 

is the probabi l i ty  integral ;  

is the Laplace  t r a n s f o r m  of the function ~p; 

is  the densi ty.  
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